We determine which permutative varieties are saturated and classify all nontrivial permutation identities for the class of all globally idempotent semigroups. 
Introduction and summary
We determine which of the permutative varieties (those admitting nontrivial permutation identities) are saturated. These are precisely those permutative varieties which admit an identity which is not a permutation identity and of which at least one side has no repeated variable. This generalizes a joint result, which determines all saturated commutative varities, of the author [7, Theorem 3.4] and P. M. Higgins [2, Theorem 4] . It has long been known that not all permutative varieties are saturated (see [4, Exercise VII 2(i)]). We also prove a result regarding the consequences of permutation identities, and as applications of this result, we give new and short proofs of all the results of Putcha and Yaqub [10] . Further, an application of our result enables us to classify all nontrivial permutation identities for the class of all globally idempotent semigroups, generalizing Yamada's Theorem 6 of [11] .
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Preliminaries
Let U be a subsemigroup of a semigroup S. We say that U dominates an element d of S if for every semigroup T and for all homomorphisms /?, y: 5 -» 7 1 , M/J = «y for all w in t/ implies d/? = dy. The set of all elements dominated by U is called the dominion of U in S and we denote it by Dom s (t/). It can be easily seen that Dom s (U) is a subsemigroup of 5.
A morphism a: A -»2? in the category C of semigroups is called an epimorphism (epi for short) if for all C G 6 and for all morphisms /?, y: B -> C, a/? = ay implies /? = y. The following facts can be easily proved. A morphism a: S -» r is epi if and only if the inclusion mapping i: Sa -* T is epi, and an inclusion mapping i: U -> S is epi if and only if T)om s (U) = S. We use whenever possible, and often without comment, the notations and conventions of Clifford and Preston [1] or Howie [4] . [4] Saturated permutative varieties 189
Some consequences of permutation identities
An identity P x = Q x is said to be implied by an identity P 2 = Q 2 if every semigroup satisfying P 2 = Q 2 also satisfies P x = Q x . PROPOSITION (ii) If x x ¥= x t then S also satisfies the permutation identity
PROOF. Consider S 1 , and put x 0 = 1. Then S 1 satisfies the condition that 
Epis and permutation identities
A semigroup 5 satisfying a nontrivial permutation identity will be called permutative. PROPOSITION PROOF. Since U is permutative, by Result 2, S is also permutative. Therefore, by Proposition 3.1 there exist n andj G {1,2,...,«} such that S also satisfies the following permutation identity We give a corollary to Proposition 4.5 and its dual. 
Saturated permutative varieties
A variety °V admitting a nontrivial permutation identity is called permutative. where \x j \ w > 1 for / = l,2,...,m, and \Xj\ w 3= 2 for some7 G { l , 2 , . . . , w } (\x\ w for any variable x is the number of occurrences of the variable x in the word w).
For if / is homotypical, as / is nonpermutative, / has to be of the form (3). So let us assume next that / is not homotypical. Then / has one of the following three forms: Finally in the last case we can get an identity of the form (3) simply by applying the techniques of the above two cases.
To prove the theorem let us now assume to the contrary that U is not saturated. Therefore there exists a semigroup S containing U properly such that Dom s (U) LEMMA The next theorem characterizes all permutative varieties which are saturated, and thus provides a generalization of Theorem 3.4 of [7] from commutative varieties to permutative varieties. [ 
On applications of Proposition 3.1.
A semigroup S is said to be medial if it satisfies the normality identity (AT). Below we give direct and short proofs of all the results of Putcha and Yaqub [10] and strengthen them by reducing the number of factors that are needed in each case. Hence S satisfies commutativity.
(ii) Take any x, y, z G S. Since x G S", and i n ¥= n, by Proposition 3.1, we have xyz = xzy.
(iii) This is the dual statement of statement (ii).
(iv) Take any x, y, z, w G 5. Since S is globally idempotent x, y, z,w G S". Now, since n > max(/ -1, n -j + 1) for anyy such that Xj_ x Xj is not a subword of Xj Xj • • • x t , from Proposition 6.2 we have that xyzw = xzyw.
The converse implications are obvious.
REMARK 6. As a corollary to Theorem 6.4, we have Theorem 6 of Yamada [11] . Since commutativity, left normality, right normality and normality are nonequivalent to each other with respect to the class of bands, they are also nonequivalent to each other with respect to the class of globally idempotent semigroups.
